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Abstract
The interplay between between gauge-field winding numbers, θ-vacua, and the Dirac operator
spectrum in finite-volume gauge theories is reconsidered. To assess the weight of each topological
sector, we compare the mass-dependent chiral condensate in gauge field sectors of fixed topological
index with the answer obtained by summing over the topological charge. Also the microscopic
Dirac operator spectrum in the full finite-volume Yang-Mills theory is obtained in this way, by
summing over all topological sectors with the appropriate weight.
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1 Introduction
Although the chiral SUL(Nf )×SUR(Nf ) symmetry of QCD is not spontaneously broken in a finite
volume, it has long been known that many low-energy aspects of finite-volume QCD nevertheless can
be derived from an effective chiral Lagrangian [1]. This is because the dominating degrees of freedom
can still be the “would-be” N2f − 1 pseudo-Goldstone bosons (which are simply called pions in what
follows) of the presumed chiral symmetry breaking pattern of SUL(Nf )×SUR(Nf ) → SU(Nf ) in the
infinite volume limit. Clearly at least two scales are of relevance here: if the linear extent L of the
four-volume V is much larger than the Compton wavelength 1/mpi of the pions, the effect of the finite
volume is mild, and can be treated as a small correction to the low-energy results of the theory in
infinite volume. What is at first sight much more surprising is the fact that even in the opposite limit,
when the pion Compton wavelenght much exceeds the size of the box, the effective partition function
still becomes of a very simple chiral Lagrangian type. The procedure to derive this effective theory
is to treat the zero modes of the pion field as new collective coordinates in the low-energy expansion.
When all the dust has settled, the resulting leading-order Lagrangian coincides with what one would
have obtained by the naive procedure of simply discarding all derivative terms in the infinite-volume
chiral Lagrangian [1]. Independently of whether chiral symmetry is spontanenously broken or not, the
pseudoscalar states we here generically denote by pions are guaranteed, by exact mass inequalities, to
be the lightest flavor non-singlet mesons in QCD [2].
Naively one might think that an effective Lagrangian technique as described above can provide infor-
mation only about the chiral order parameter Σ ≡ 〈ψ¯ψ〉 itself, or just soft pion dynamics. However,
as shown by Leutwyler and Smilga [3], low-energy constraints on finite-volume gauge theories can,
remarkably, be used to provide very non-trivial information about quark and gluon degrees of freedom
as well. Specifically, the large-volume identification of the original QCD partition function and the
effective Lagrangian restricted to the region
1
ΛQCD
≪ L ≪ 1
mpi
, (1)
carries a lot of exact information about the spectral correlators of the smallest eigenvalues of the Dirac
operator. While this holds for the full partition functions involved, the scoop of ref. [3] was to note
that the analysis simplifies considerably if one focuses on gauge field sectors of fixed topological charge
ν. The effective partition function then becomes analytically solvable. It is thus possible to do a direct
analytical comparison between, on one side, the full QCD partition function, and, on the other side,
the effective partition function. One of the most striking outcomes of this analysis was the derivation
of exact spectral sum rules for the Dirac operator in QCD and QCD-like gauge theories [3, 4].
Surprisingly, the analysis of the spectral properties of the Dirac operator in finite-volume gauge field
theories at fixed topological charge [3] has turned out to have an alternative description in terms of
Random Matrix Theory [5, 6]. The root of this equivalence lies in the universality of the Random
Matrix Theory predictions: there is a huge class of Random Matrix Theories that, in the appropri-
ate scaling limit, yield exactly the same spectral correlation functions [7, 8, 10, 11]. Remarkably,
so-called chiral versions of the three classical Random Matrix Theory ensembles have been shown
by Verbaarschot to provide precisely the needed three universality classes of chiral symmetry break-
ing in gauge theories with different gauge groups and different color representations of the fermions
[12]. While there are obvious resemblances here to the classification of critical behavior in terms of
universality classes in statistical mechanics, the analogy should not be pushed too far. There is no
renormalization group at work here, and the way QCD fits into one of these three universality classes
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is by means of algebra (or, at a deeper level, symmetry) rather than dynamics. Indeed, within the last
year it has become well understood how all the universal predictions derived from Random Matrix
Theory can be rephrased in terms of the effective QCD partition function, suitably extended with
additional quark species [13]. Even universality of the results can easily be understood directly from
the universality of the Random Matrix Theory partition functions [14] and the equivalence between
the effective chiral Lagrangian and the specific Random Matrix Theory with gaussian distribution,
which was established in [5]. By means of partially quenched chiral Lagrangians, it is now also possible
to derive directly from the effective QCD partition function the microscopic spectral density of the
Dirac operator, without any bypass through Random Matrix Theory at all [15]. All these more recent
results permit us to say much more about the microscopic Dirac operator spectrum in finite-volume
gauge theories. It is therefore appropriate to reconsider the analysis of ref. [3] in this new light.
It is thus partly by historical coincidence that almost all analytical predictions about the microscopic
Dirac operator spectrum and the mass-dependent chiral condensate have been derived in gauge sectors
of fixed winding number ν. From the point of view of the “real” theory, where one sums over all
topological sectors, this is analogous to knowing only the Fourier modes of a periodic function. While
it may be interesting to study just these Fourier modes (and in the case of QCD much can indeed be
learned from them), we would still rather like to know the full function. For QCD this means that we
should know the predictions for the full theory at any given value of the vacuum angle θ, or, at least,
since there are very stringent experimental bounds on the magnitude of this CP-violating θ-angle, for
the specific value of θ = 0.
The problem of summing over all winding numbers becomes particularly important when we consider
tests of the analytical predictions for QCD sectors of fixed topological charge ν by means of lattice
gauge theory. Because lattice gauge configurations are not smooth on the scale of the lattice spacing,
the very definition of gauge field topology is from the beginning an ambiguous concept. With so-called
staggered fermions there is no help from index theorems (which otherwise can serve as an alternative
definition of topological sectors) because there are no guaranteed exact zero modes away from the
continuum limit [16]. In fact, lattice gauge theory data for QCD with staggered fermions and no
restrictions on lattice field topology show remarkably good agreement with the analytical predictions
for just the sector of zero winding number, ν = 0. This phenomenon was first observed in comparisons
of lattice data with analytical formulas for the mass-dependent chiral condensate [17]1, and later
precisely the same effect was seen in lattice simulations of the microscopic Dirac operator spectrum
with staggered fermions [18, 19]. One can argue that just because staggered fermions have no exact
zero modes, this explains the puzzle. Are present-day lattice gauge theory simulations with staggered
fermions thus only probing the sector of zero topological charge?2 Despite the problem mentioned
above, lattice gauge field configurations generated by conventional Monte Carlo algorithms cannot
all be classified as topologically trivial. They contain a distribution of configurations that smoothly
fall into the precise topological sectors of the continuum theory as the lattice cut-off is decreased.
Of course, in a given Monte Carlo sampling the sector corresponding to ν = 0 will be dominant.
To understand the significance of just these configurations we need to know not only the analytical
predictions for given sectors of fixed topological index, but also the weight with which these different
topological sectors are contributing to full QCD. Very recently it has become feasible to address
this in lattice gauge theory [21, 22]. But in the finite-volume region (1), these questions can also
be answered analytically. For QCD-like theories the relevant partition functions at fixed topological
1Based on lattice data with dynamical quark masses so large on the relevant scale that the simulations effectively
were quenched.
2In this connection, see the recent careful studies by the SCRI and Columbia groups [20].
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charge ν are known in closed analytical form [24]. It is simple to show that these fixed-ν partition
functions precisely give the non-trivial weights with which each fixed-ν observable contributes to the
full answer. Using this fact, we assess in section 2 the importance of the ν = 0 sector in bulding up the
mass-dependent chiral condensate of the full theory. Section 3 is devoted to the microscopic spectral
density of the Dirac operator, and we carry out the analogous procedure of summing over topological
charges. Interestingly, one of the simple conclusions is that in the massless case the microscopic
spectral density of the Dirac operator in the full theory simply equals that of the ν = 0 sector. This
holds for all Nf ≥ 2. The case Nf = 1 is – as expected – special, and there are then additional
zero-mode contributions to the full microscopic spectral density from just the two sectors of ν = +1
and ν = −1. In the massless limit just these two zero-mode contributions to the spectral density
provide the required non-vanishing condensate for Nf = 1, even in this finite-volume situation. By
numerically performing the sum over topological charges, we show how the full microscopic spectral
density changes away from the ν = 0 prediction as the mass is increased for different values of Nf .
We point out a difficulty with taking the quenched limit, and briefly discuss the more exotic chiral
symmetry breaking cases, which correspond to different symmetries of the Dirac operator. All of the
predictions described here can be tested in lattice gauge theory simulations. In fact, one of our main
points is precisely that one can simultaneously test both the detailed analytical predictions in fixed-ν
sectors, and the predicted weight with which these sectors build up the full answer (which, in principle,
should be much easier to measure). Section 5 contains our conclusions.
2 Summing over Winding Numbers
We begin with a few basic definitions. Consider QCD in Euclidean space on a finite 4-dimensional
torus. Its four-volume can be taken to be just L4, or L3/T . The former case leads in the L → ∞
limit to ordinary zero-temperature QCD, while in the latter case, if we take T fixed, the L→∞ limit
gives Euclidean QCD at (small3) temperature T . For our purposes there is no need to distinguish
between the two cases, as the infinite (three-)volume limit of the chiral condensate just must be chosen
appropriately. The four-volume is in both cases denoted by V . As discussed at length in e.g. refs.
[3, 25], gauge fields on such a four-torus can be described by a gauge potential Aµ(x) on the full
Euclidean space, plus a transition function Ω(x), which describes the transition from one periodic cell
to another (possibly non-trivial because Aµ(x) need only be periodic modulo gauge transformations).
On the lattice one often prefers to work with strictly periodic gauge link variables (and hence trivial
transition function), but by a gauge transformation these links can be made equivalent to a set of
link variables with a non-trivial transition function. In the continuum such a gauge transformation
will, however, necessarily be singular. Non-trivial winding numbers arise precisely from non-trivial
transition functions [25].
For an SU(Nc) gauge theory with Nf fermions in the fundamental representation, antiperiodic bound-
ary conditions on the four-torus for these fermions the topological charge
ν =
1
32π2
∫
d4xTr [FµνFρσ]ǫµνρσ (2)
runs over integer values. With a θ-term in the action, the partition function thus reads
Z(θ) =
∞∑
ν=−∞
eiνθ
∫
[dA]ν
∏
f
det[i /D −mf ]eSYM [A] , (3)
3The temperature must be bounded by mpi ≪ T ≪ ΛQCD , in complete analogy with the condition (1).
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after integrating out the fermions. Alternatively,
Z(θ) =
∞∑
ν=−∞
eiνθZν , (4)
where Zν is like a Fourier transform of the full partition function:
Zν = 1
2π
∫ 2pi
0
dθe−iνθZ(θ) . (5)
Consider first the case Nf ≥ 2, and assume that chiral symmetry in the infinite-volume limit breaks
spontaneously according to SUL(Nf )×SUR(Nf )→ SU(Nf ). As shown in ref [1], the effective partition
function then takes on a very simple form in the finite-volume region (1):
Z(θ) =
∫
SU(Nf )
dU exp
[
V ΣRe [eiθ/NfTrMU †]
]
, (6)
where M is the quark mass matrix4, and Σ is the infinite-volume chiral condensate (for the massless
theory with θ = 0). One of the main lessons to learn from the analysis of ref. [3] is that these
finite-volume effective partition functions for Nf ≥ 2 in surprisingly many ways resemble the finite-
volume partition function with Nf = 1. In fact, although the case Nf = 1 is radically different in that
the axial U(1) symmetry is broken by the anomaly rather than spontaneously, the effective partition
function turns out be given by what one naively could have extrapolated from (6), namely the simple
exponential [3]
Z(θ) = exp
[
V ΣRe[eiθm]
]
. (7)
In all cases the effective partition functions depend only on the combination µi ≡ ΣV mi. Keeping
µi fixed as the four-volume V is taken to infinity thus entails taking the chiral limit in a correlated
manner. Moreover, the bound (1) must be satisfied throughout. In statistical mechanics such a
procedure is known as finite-size scaling, and the µi are finite-size scaling variables.
The Fourier coefficients Zν have been computed analytically for all Nf [3, 24]. For Nf ≥ 2 they can
conveniently be written
Zν({µi}) = detA({µi})
∆(µ2)
, (8)
where the Nf ×Nf matrix A({µi}) is (In(x) is the modified Bessel function of order n)
A({µi}) = µj−1i Iν+j−1(µi) , (9)
and
∆(µ2) =
∏
i<j
(µ2i − µ2j) (10)
is the Vandermonde determinant. With an obvious interpretation of the formula (8), it even includes
the case Nf = 1, for which [3]
Zν(µ) = Iν(µ) . (11)
One notices that the general expression (8) is symmetric in ν,
Zν({µi}) = Z−ν({µi}) , (12)
as follows also directly from the original definition, eqs. (5) and (6).
4From now on we always take this mass matrix to be real and diagonal: M = diag(m1, . . . , mNf ).
2.1 The chiral condensate for Nf = 1
Having already observed that in the limit (1) the relevant scaling variables are µi = ΣV mi, we from
now on try to eliminate as many factors of V and Σ as possible. We hence measure all mass-dependent
chiral condensates Σ(θ; {µi}) in units of Σ, and effectively work with a unit four-volume. The mass-
dependent chiral condensate for Nf = 1 is then simply defined by
Σ(θ;µ) =
∂
∂µ
lnZ(θ;µ) . (13)
In this Nf = 1 case the result is trivial and in fact µ-independent: Σ(θ;µ) = cos(θ), as follows from
eq. (11).5 In any case, we shall mainly be concerned with the case θ = 0, for which, in our units,
Σ(0;µ) = 1.
Let us now compare with what we would find if we were to restrict ourselves to gauge field averages
over fixed topological charge only. As already observed by Leutwyler and Smilga [3], this restriction
is quite drastic. By definition,
Σν(µ) =
∂
∂µ
lnZν(µ) , (14)
which gives
Σν(µ) =
1
Iν(µ)
[
Iν+1(µ) +
ν
µ
Iν(µ)
]
. (15)
For ν positive, the last term can easily be traced to the |ν| zero modes of the Dirac operator /D: In
terms of the non-zero Dirac eigenvalues λn the original partition function (3) reads
Z(θ) =
∞∑
ν=−∞
∏
f
(mf )
|ν|eiνθ
∫
[dA]ν
∏
f
∏
n
[λ2n +m
2
f ]e
SYM [A] , (16)
and the last term in (15) precisely matches the term due to the prefactor m|ν|. However, when ν
is negative this interpretation is not correct: in that case the sign of the second term in (15) is just
the opposite of what is needed. There is no mystery here, but only a slight complication which
we shall return to in section 3.1. Indeed, from the very definition (14) and the property (12), the
mass-dependent chiral condensate (15) is seen to be symmetric in ν: Σν(µ) = Σ−ν(µ). Therefore the
obvious ∼ 1/µ singularity in eq. (15) for ν > 0 is actually matched by a singularity of exactly the
same strength for ν < 0.
We start by considering the case θ = 0. In fig. 1 we show Σν(µ) for a few small values of ν, and
compare each of them with the full answer Σ(µ). Contrary to the full answer which in this finite-
volume limit is just the trivial constant Σ = 1, the chiral condensates in individual fixed-ν sectors
have non-trivial mass dependences. In this case we certainly cannot conclude that the ν = 0 sector
adequately reproduces the full answer. But fixed-ν chiral condensates also show another disturbing
feature, which we already mentioned above: for ν 6= 0 they diverge in the limit µ → 0. Actually, the
second term in eq. (15) by itself does not contribute to the full sum over topological sectors. To see
this, we first derive a simple formula that tells us how to relate the full chiral condensate Σ(θ;µ) to
the chiral condensates Σν(µ) in sectors of fixed topological index:
Σ(θ;µ) =
∂
∂µ
lnZ(θ;µ)
5The θ-dependence of the condensate is not interesting; for θ 6= 0 it simply shifts from 〈ψ¯ψ〉 to 〈ψ¯γ5ψ〉 [3].
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=
∂
∂µ
ln
(
∞∑
ν=−∞
Zν(µ)eiνθ
)
=
1
Z(θ;µ)
∞∑
ν=−∞
eiνθ
∂
∂µ
Zν(µ)
=
1
Z(θ;µ)
∞∑
ν=−∞
eiνθZν(µ)Σν(µ)
= 〈〈Σν(µ)〉〉 . (17)
We have here defined an “average over topology” by
〈〈F (ν)〉〉 ≡ 1Z(θ;µ)
∞∑
ν=−∞
eiνθZν(µ)F (ν) . (18)
0
0.5
1
1.5
2
0 2 4 6 8 10
Σ ν
µ
ν=0
ν=1
ν=2
Figure 1: The mass-dependent chiral condensate Σν(µ) for Nf = 1. Shown are the results for a few fixed
values of ν. Even for θ = 0 they are quite different from the full answer (the constant 1 in that case).
The relation (17) tells us with which weight the chiral condensates in fixed topological sectors con-
tribute to the full answer: Each Σν(µ) comes with weight factor e
iνθZν(µ). In fig. 2 we show how
the full answer, the constant Σ = 1 for θ = 0, is built up as we sum over topological charge ν from a
given −|ν|max to +|ν|max in eq. (17). Perhaps surprisingly, we find that the ν = 0 contribution alone
is not very significant, never exceeding more than around 20% of the full answer. In the shown range
of µ we also see that by summing from, say, ν = −8 to ν = +8 we essentially obtain the complete Σ.
The divergences that appear in Σν(µ) for ν 6= 0 are obviously completely removed when one performs
the required average over topology. In the present case of θ = 0 this can easily be seen analytically.
According to eqs. (15) and (17), and using Z(θ=0;µ) = exp[µ], we here have
Σ(θ = 0;µ) = e−µ
∞∑
ν=−∞
[
Iν+1(µ) +
ν
µ
Iν(µ)
]
= e−µ
∞∑
ν=−∞
Iν+1(µ) . (19)
6
00.2
0.4
0.6
0.8
1
1.2
1.4
0 2 4 6 8 10
Σ
µ
|ν|max=0|ν|max=1|ν|max=2|ν|max=8
Figure 2: The full mass-dependent chiral condensate Σ(θ= 0, µ) for Nf = 1. The exact answer equals 1.
Shown are the results of summing over the first few values of ν. The ν = 0 sector is not particularly significant.
The second term in the first line actually does not contribute at all: This is obvious for ν = 0, and for
ν 6= 0 the contribution from +ν precisely cancels the contribution from −ν. Next, substituting the
Bessel function identity
∞∑
ν=−∞
eiνθIν(µ) = e
µ cos(θ) , (20)
we of course recover the correct result Σ(θ = 0;µ) = 1 from eq. (19).
For a non-zero vacuum angle θ the ν/µ-term in Σν(µ) does not disappear as simply when we sum
over different topological sectors. Again this Nf = 1 case is very illustrative. Now, using some simple
Bessel function identities, we have
Σ(θ;µ) = e−µ cos(θ)
∞∑
ν=−∞
eiνθ
[
Iν+1(µ) +
ν
µ
Iν(µ)
]
=
1
2
e−µ cos(θ)
∞∑
ν=−∞
eiνθ [Iν+1(µ) + Iν−1(µ)]
= cos(θ) . (21)
where in the last line we have agin used eq. (20). In this case the second term in (15) is certainly
required to obtain the right answer from the sum (17). More generally, we also learn from eq. (17)
that the µ→ 0 singularities in Σν(µ) for ν 6= 0 are killed in the sum over topological sectors because
these divergences are weighted by eiνθZν(µ). In general, Zν(µ) ∼ µNf |ν| for small µ. This follows both
explicitly from the representation (6), or, in the original QCD language, from the Dirac determinant
and the index theorem. Thus only for Nf = 1, and in that case only for the sectors with ν = ±1,
can these 1/µ singularities in Σν(µ) give any non-zero contribution to the massless chiral condensate.
In fact, one easily checks that in this case just these two contributions precisely yield the finite value
Σ(θ; 0) = cos(θ), as required [3].
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2.2 More flavors: Nf ≥ 2.
It is convenient to first restrict ourselves to the case of equal masses, µi = µ, ∀i, so that the chiral
condensates of all Nf species become equal. Then
Σ(θ;µ) ≡ 1
Nf
∂
∂µ
lnZ(θ;µ) = 〈〈Σν(θ;µ)〉〉 , (22)
with Σν(θ;µ) defined analogously. Consider first the case Nf = 2. The full partition function is known
analytically [3]:
Z(θ;µ) =
√
2
µ
√
(1 + cos(θ))
I1(µ(2(1 + cos(θ))
1/2) . (23)
0
0.2
0.4
0.6
0.8
1
1.2
1.4
0 2 4 6 8 10
Σ ν
µ
ν=0
ν=1
ν=2
Σ
Figure 3: The chiral condensate Σν(µ) for Nf = 2 and equal masses µ. There is no qualtitative difference
with the picture from the Nf = 1 theory. For comparison we have also displayed the full chiral condensate Σ(µ)
for θ = 0.
Let us again first restrict ourselves to the case θ = 0. The full mass-dependent chiral condensate then
becomes
Σ(θ = 0;µ) =
I0(2µ) + I2(2µ)
2I1(2µ)
− 1
2µ
, (24)
which, despite appearances, is not singular at µ = 0. The partition function (8) reads
Zν(µ) = Iν(µ)
2 − Iν+1(µ)Iν−1(µ) , (25)
which gives
Σν(µ) =
1
2
{
Iν(µ)Iν+1(µ)− Iν−1(µ)Iν+2(µ)
Iν(µ)2 − Iν+1(µ)Iν−1(µ) +
ν
µ
}
. (26)
We note again the presence of an explicit ν/µ-term from the zero modes for ν ≥ 0 (in which case the
first term in (26) indeed remains finite in the limit µ→ 0). This term will always be present in Σν(µ),
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for any Nf . It reads in general ν/(Nfµ), and thus contributes
1
Nf
1
µ
∞∑
ν=−∞
νZν(θ = 0;µ)
to Σ(θ = 0;µ). Using the symmetry (12), this is seen to vanish: At θ = 0 this contribution to Σ(θ;µ)
always sums up to zero, for any Nf . When θ 6= 0 this is no longer true:
1
Nf
1
µ
∞∑
ν=−∞
νeiνθZν(θ;µ) =
−i
Nf
1
µ
∂
∂θ
∞∑
ν=−∞
eiνθZν(µ)
=
−i
Nf
1
µ
∂
∂θ
Z(θ;µ) . (27)
In particular, for the case at hand, Nf = 2, we find that this equals
i sin(θ)
2µ(1 + cos(θ))
I2(µ(2(1 + cos(θ))
1/2)
(which indeed vanishes at θ = 0). Moreover, we notice that this term (27) is always strictly imaginary.
Because the full sum is guaranteed to be real, this means that in some sense even for θ 6= 0 the
contribution of this term to Σν(θ;µ) is only apparent; it only serves as to remove a corresponding
imaginary part from the rest of the sum, leaving a remaining real answer.
0
0.2
0.4
0.6
0.8
1
1.2
1.4
0 1 2 3 4 5 6 7 8 9 10
Σ
µ
Σ|ν|max=0|ν|max=1|ν|max=3
Figure 4: The full chiral condensate Σ(µ) for Nf = 2, θ = 0, and equal masses µ. We again compare
different approximations, by summing only over the first few topoloigcal sectors. The ν = 0 sector is again not
particularly significant.
We now check to which degree of accuracy the chiral condensate Σ(θ;µ) for Nf = 2 and θ = 0 (i.e.
eq. (24)) coincides with just the chiral condensate in fixed-ν sectors (26). This is shown in fig. 3 for
a few small values of ν. The divergent zero-mode contributions of course make the condensates for
ν 6= 0 very different from the complete answer. And actually in this Nf = 2 case the chiral condensate
in just the ν = 0 sector at least has the qualitatively right behavior. But again, to see to what extent
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the different topological sectors contribute to the full answer, we must add up the different sectors
with the right weight. In fig. 4 we show how the full chiral condensate (24) is built up as we sum over
topological charge ν from given −|ν|max to +|ν|max in eq. (22). As in the Nf = 1 case, we find that
the ν = 0 contribution alone is not particularly significant at all. It is obviously a generic feature,
which is not specific to the very special circumstances of Nf = 1. The cases with Nf ≥ 3 are indeed
not qualitatively different [26], and we do not display any of them here.
3 The Microscopic Spectral Density
Eigenvalues λn of the Dirac operator are defined by i /Dφn = λnφn, and the spectral density is then
ρ¯(λ; {µi}) ≡ 〈
∑
n
δ(λ − λn)〉 , (28)
where the average includes the sum over topological sectors. Because the weighting is done with the
fermion determinant, the density depends on the masses µi too. The double-microscopic limit is taken
by keeping all µi = V Σmi and ζ = V Σλ fixed as V → ∞. The definition (28) of course extends to
averages in fixed-ν sectors as well:
ρ¯(ν)(λ; {µi}) ≡ 〈
∑
n
δ(λ− λn)〉ν (29)
We now go to the double-microscopic limit. As for any other gauge-field expectation value in fixed-ν
sectors, also the microscopic spectral density ρ¯
(ν)
S (ζ; {µi}) can be summed to give the microscopic
spectral density of the full theory:
ρ¯S(ζ; θ, {µi}) = Z(θ; {µi})−1
∞∑
ν=−∞
eiνθZν({µi})ρ¯(ν)S (ζ; {µi}) . (30)
It is useful to separate out the zero-modes explicitly:
ρ¯S(ζ; θ, {µi}) = Z(θ; {µi})−1
∞∑
ν=−∞
eiνθZν({µi})
[
ρ
(ν)
S (ζ; {µi}) + |ν|δ(ζ)
]
≡ ρS(ζ; θ, {µi}) + 〈〈|ν|〉〉δ(ζ) , (31)
with an obvious definition of ρS(ζ; θ, {µi}).
It has been shown [13, 15] that the microscopic spectral density (29) without zero-mode contributions
can be expressed directly in terms of the effective partition function,
ρ
(ν)
S (ζ; {µi}) =
1
2
(−1)ν |ζ|
Nf∏
f=1
(ζ2 + µ2f )
Z(Nf+2)ν ({µi}, iζ, iζ)
Z(Nf )ν ({µi})
, (32)
where we for clarity have explicitly indicated the number of fermion species that are involved on the
right hand side. Actually, from the connection to Random Matrix Theory it is also known that all
microscopic spectral correlators ρ
(ν)
S (ζ1, . . . , ζn; {µi}) can be derived from just one “master formula”
[13],
K
(ν)
S (ζ, ζ
′;µ1, . . . , µNf ) =
1
2
(−1)ν
√
ζζ ′
Nf∏
f=1
√
(ζ2 + µ2f )(ζ
′2 + µ2f )
Z(Nf+2)ν ({µi}, iζ, iζ ′)
Z(Nf )ν ({µi})
. (33)
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All spectral correlation functions follow from this single function:
ρ
(ν)
S (ζ1, . . . , ζn; {µi}) = deta,b K
(ν)
S (ζa, ζb; {µi}) , (34)
where the determinant on the right hand side is taken in terms of the n× n matrix in the arguments
ζa, ζb.
The full microscopic spectral density without zero-mode contributions, ρS(ζ; θ, {µi}), takes a particu-
larly simple form in the massless limit. Using Z0(0) = 1 and Zν(0) = 0 for all ν 6= 0, we immediately
get
ρS(ζ; θ, {µi = 0}) = ρ(ν=0)S (ζ; {µi = 0}) . (35)
That is, in the massless limit the full microscopic spectral density without zero modes simply coincides
with the corresponding density of the ν = 0 sector. Note in particular that in this massless limit the
full microscopic spectral density is independent of the vacuum angle θ. This is as expected: in QCD
with at least one massless flavor any θ-angle can be removed by a chiral rotation.
The result (35) may seem to contradict the fact that in the Nf = 1 theory the chiral condensate is
Σ(θ;µ=0) = cos(θ) even though the massless limit is taken at finite volume. Indeed, even at finite
volume there is a kind of Banks-Casher relation for the microscopic spectral density too,
lim
µ→0
(2µ)
∫ ∞
0
dζ
ρS(ζ; θ, µ)
ζ2 + µ2
= πρS(0; θ, 0) = πρ
(ν=0)
S (0; 0) = 0 . (36)
This microscopic spectral density alone can therefore never give rise to a condensate in the massless
finite-volume theory. But the full condensate potentially also receives contributions from the zero
modes, even at zero mass. This part equals (taking Nf equal masses for simplicity)
(Nfµ)
−1〈〈|ν|〉〉 = [NfµZ(θ; {µi})]−1
∞∑
ν=−∞
eiνθZν({µi})|ν|
= 2[NfµZ(θ; {µi})]−1
∞∑
ν=1
cos(νθ)Zν({µi})ν . (37)
In the limit µ → 0 this expression vanishes for all Nf ≥ 2. In view of (36) this just means that for
Nf ≥ 2 there are no chiral condensates in the massless limit, in agreement with the fact that there
cannot be spontaneous symmetry breaking in these finite-volume theories. For Nf = 1 and θ = 0 the
sum in (37) can be performed analytically, giving [3]
µ−1〈〈|ν|〉〉 = e−µ[I0(µ) + I1(µ)] , (38)
whose limit at µ = 0 indeed equals unity, as required in order to obtain Σ = 1 in that case. In general,
for θ 6= 0 we note again that because of the behavior In(x) ∼ x|n| as x → 0, only the ν = ±1 terms
contribute to the sum when µ → 0, yielding precisely the required µ−1〈〈|ν|〉〉 → cos(θ) in the limit
µ→ 0.
Inserting the formula (32) into the definition of ρS(ζ; θ, {µi}) in eq. (31) gives an interesting compact
expression for the full microscopic spectral density:
ρS(ζ; θ, {µi}) = Z(Nf )(θ; {µi})−1
∞∑
ν=−∞
eiνθZν({µi})ρ(ν)S (ζ; {µi})
11
=
1
2
|ζ|
Nf∏
f=1
(ζ2 + µ2f )Z(Nf )(θ; {µi})−1
∞∑
ν=−∞
eiνθ(−1)νZ(Nf+2)ν ({µi}, iζ, iζ)
=
1
2
|ζ|
Nf∏
f=1
(ζ2 + µ2f )
Z(Nf+2)(θ + π; {µi}, iζ, iζ)
Z(Nf )(θ; {µi})
. (39)
While this formula strongly resembles the one for fixed ν, we note the effect of the (−1)ν -factor in the
individual ρ
(ν)
S (λ; {µi})-contributions: The partition function with two additional fermion species (in
the numerator) is to be evaluated at a shifted vacuum angle: θ + π. Thus even if we insist on getting
the physical microscopic spectral density with θ = 0 (or at least exceedingly small), we need to know
also the effective QCD partition function with two more flavors, and with a non-vanishing vacuum
angle.
One can perform a similar summation over topological charge of all microscopic spectral correlators
ρ
(ν)
S (ζ1, . . . , ζn; {µi}). However, the representation (33) does not give a a convenient compact expres-
sion, due to the fact that the determinant must be taken inside the summation over ν. Fortunately,
there exists a different expression for ρ
(ν)
S (ζ1, . . . , ζn; {µi}) (see the third paper of ref. [13]), which,
although more unwieldy in general when ν is fixed, is more convenient in this context:
ρ
(ν)
S (ζ1, . . . , ζk; {µi}) = C(k)
k∏
i

ζi
Nf∏
f=1
(ζ2i + µ
2
f )

 k∏
j<l
(ζ2j − ζ2l )2
× Z
(Nf+2k)
ν ({µi}, {iζ1}, . . . , {iζk})
Z(Nf )ν ({µi})
, (40)
Summing this expression over ν will yield the microscopic spectral correlators of the full theory, now
expressed in terms of the ratio of a partition function of Nf + 2k species and the usual partition
function corresponding to the actual number of fermions Nf .
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Figure 5: The full microscopic spectral density of the Nf = 1 theory with θ = 0. The massless case coincides
with the ν = 0 result.
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The full effective partition function (6) is unfortunately not known in closed analytical form forNf ≥ 3.
So to evaluate the right hand side of eq. (39) it is most convenient to simply perform the sum over
topological charges numerically. We know already the full answer in the massless case (35), and it is
thus interesting to trace the change in ρS(λ; θ, {µi}) as the mass is increased. In fig. 5 we show the
full microscopic spectral density for the Nf = 1 theory with θ = 0. The µ = 0 curve indeed coincides
exactly with the massless prediction of just the ν = 0 sector [6]
ρ
(ν=0)
S (ζ;µ=0) =
1
2
|ζ|
[
J1(ζ)
2 − J2(ζ)J0(ζ)
]
. (41)
As the mass increases, sectors with higher values of |ν| begin to contribute. Because the oscillations in
ρ
(ν)
S (ζ;µ) are shifted to the right as |ν| increases, there is a certain amount of destructive interference,
and the full microscopic spectral density becomes smoother as µ is increased. The limit µ→∞, which
naively should correspond to the quenched theory, is ill-defined, as will be discussed below.
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Figure 6: The full microscopic spectral density of the Nf = 2 theory with θ = 0. When both fermion masses
are set to zero we recover the ν = 0 result. When one of the masses is taken to infinity, we recover the full
microscopic spectral density of the Nf = 1, by decoupling.
The case Nf = 2 is more interesting. Because of the simple identification (35), the µ1 = µ2 = 0 limit
simply reproduces the massless Nf = 2 density of the just the ν = 0 sector,
ρ
(ν=0)
S (ζ;µ1=µ2=0) =
1
2
|ζ|
[
J2(ζ)
2 − J3(ζ)J1(ζ)
]
. (42)
In another extreme limit, when, say, µ2 → ∞, this second fermion decouples. If we still take µ1 = 0,
we thus recover the simple massless prediction of just the ν = 0 sector of the Nf = 1 theory, eq. (41).
For intermediate masses, there is again some amount of destructive interference that smoothes out the
microscopic spectral density. Shown in fig. 6 are the two limits mentioned above, and one example of
the prediction for intermediate masses.
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3.1 Careful with the sign of ν
We have already noticed that the symmetry (12) under ν → −ν also implies Σν({µi}) = Σ−ν({µi}).
But this holds only if we consider all contributions, including the ν/µ-piece. For example, for Nf = 1
(and θ = 0) the two terms on the right hand side of eq. (15) are not separately invariant under
ν → −ν, but the sum is. This has consequences for our definition of the microscopic spectral density
ρ
(ν)
S (λ, {µi}), which does not include the contribution from zero modes.
It follows from eq. (12) and the representation (32) that also
ρ
(ν)
S (λ, {µi}) = ρ(−ν)s (λ, {µi}) . (43)
Clearly also the full microscopic spectral density (29) is thus symmetric under ν → −ν. Let us for
illustration consider one of the “massive spectral sum rules” for Nf = 1, which was derived in ref. [26]
for the case ν ≥ 0. First, by definition,
Σν(µ) = 2µ
∫ ∞
0
dλ
ρ¯
(ν)
S (λ;µ)
λ2 + µ2
= 2µ
∫ ∞
0
dλ
ρ
(ν)
S (λ;µ)
λ2 + µ2
+
|ν|
µ
. (44)
Comparing this with eq. (15), we see that there are actually two different massive sum rules, depending
on whether ν is positive or negative:
ν ≥ 0 :
∫ ∞
0
dλ
ρ
(ν)
S (λ;µ)
λ2 + µ2
=
Iν+1(µ)
2µIν(µ)
,
ν ≤ 0 :
∫ ∞
0
dλ
ρ
(ν)
S (λ;µ)
λ2 + µ2
=
Iν+1(µ)
2µIν(µ)
+
ν
µ2
. (45)
It is straightforward to check that in the limit µ→ 0 these two relations precisely lead to two massless
spectral sum rules that can be combined into (the sum running over strictly positive eigenvalues only):
〈∑
n
′ 1
λ2n
〉
ν
=
1
4(|ν|+ 1) , (46)
in complete agreement with ref. [3]. These considerations of course trivially generalize to any Nf ,
where only the right hand side of eq. (45) becomes increasingly more complicated [26].
The Nf = 1 case that we have used as an example here is particularly simple also when it comes to
an analytical check on our formula for the full microscopic spectral density (39). In that case one can
explicitly confirm the relation
Σ(θ;µ) = 2µ
∫ ∞
0
dζ
ρS(θ; ζ, µ)
ζ2 + µ2
+
1
µ
〈〈|ν|〉〉 (47)
since all the involved integrations can be performed analytically. (The left hand side is of course just
the trivial constant cos(θ) in this case, and the full spectral density ρS(θ; ζ, µ) is indeed just a function
that achieves this µ-independence of the right hand side as well).
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3.2 Trouble with the quenched limit
The quenched limit of Nf → 0 is not easily taken. In gauge-field sectors of fixed topological charge ν,
the quenched mass-dependent chiral condensate reads [17, 15]
Σν(µ) = µ (Iν(µ)Kν(µ) + Iν+1(µ)Kν−1(µ)) +
ν
µ
, (48)
where Kn(x) is the modified Bessel function. This quenched chiral condensate also satisfies Σν(µ) =
Σ−ν(µ). It shares the ∼ 1/µ divergence with the unquenched condensates when ν 6= 0. In the latter
case we have already seen that this divergence is harmless in the sense that it is killed once we sum
over topological charge. Here this is no longer true. If we simply assume that Zν(µ) = 1 for all ν in
the quenched limit, it is not even possible to sum over topological charge. There is now no suppression
of higher-ν contributions, and the sum in
Σ(θ;µ) =
1
Z(θ;µ)
∞∑
ν=−∞
eiνθΣν(µ) (49)
does not converge. If one tries to “regularize” the sum by introducing some maximum topological
charge |ν|max and defining
Z(θ;µ)reg ≡
ν=+|ν|max∑
ν=−|ν|max
eiνθΣν(µ) , (50)
eq. (49) still has no well-defined limit as |ν|max → ∞. This failure of convergence is not related to
the µ → 0 singularities in fixed-ν sectors; it arises here from the infinite summation over topological
charge, if, in the quenched approximation, we assume that each topological sector enters with equal
weight Zν(µ) = 1. It is clearly invalid to make this assumption. In fact, in the pure gauge theory
the topological susceptibility χt = 〈〈ν2〉〉 (in our units) is a well-defined and finite number, and the
distribution of topological charge is believed to be Gaussian in the infinite-volume limit [27]:
Zν
Z ∼
1
2πχt
e−ν
2/2χt . (51)
It is tempting to simply insert this ansatz for Zν into eq. (49) instead of unity, but it is not quite
consistent. The whole framework here is based on chiral Ward identities, of which [28]
Nf 〈〈ν2〉〉 = µ (52)
indeed is a direct consequence of these finite-volume partition functions [3]. Taking the quenched limit
detaches us from this tight constraint, and a different analysis is required to establish the behavior
of Zν as a function of ν. In any case, the µ → 0 singularities are no longer removed by the sum
over topological charge, because the distribution of Zν will be µ-independent. This ∼ 1/µ singularity
in the (full) quenched chiral condensate has recently been confirmed by direct lattice measurements
using both domain-wall and overlap fermions [20].
With these observations, we should certainly expect difficulties with the quenched microscopic spectral
density. The quenched microscopic density in a gauge field sector of fixed ν reads [6, 17]
ρ
(ν)
S (ζ) =
1
2
|ζ|
[
Jν(ζ)
2 − Jν+1(ζ)Jν−1(ζ)
]
. (53)
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According to eq. (31), and if we again take Zν(µ) to be a ν-independent constant (say, unity), the
sum in
ρS(λ; θ, {µi}) = Z(θ; {µi})−1
∞∑
ν=−∞
eiνθZν({µi})ρ(ν)S (λ; {µi}) (54)
again requires regularization. Introducing a maximum topological charge |ν|max → ∞ as above, we
actually find a remarkable regularity. Let us for convenience restrict ourselves to θ = 0. Shown in fig.
7 is a series of successive summations with increasing |ν|max. The resulting function is approximately
linear6, until, at a point that shifts to infinity with increasing |ν|max, it turns over into the constant
value 1/π. The slope of the linear part thus depends on the choice of |ν|max, and there is no convergence
of the sum. As discussed above, the approximation of taking all Zν to unity is just drastically wrong.
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Figure 7: Summing over topological sectors with incorrect weight: if in the quenched theory one simply
assumes that Zν = 1 the resulting microscopic spectral density becomes linear up to the value 1/π, where it
turns flat. This point where the linear part is replaced by a flat part moves to infinity with increasing |ν|max,
and thus has no limit.
Another way of reaching the quenched limit is by decoupling all Nf fermions in any given theory by
sending all masses to infinity. For simplicity taking Nf = 1, and sending the mass µ to infinity, we
obtain precisely the same kind of curve as obtained above in the naive way of just summing over each
fixed-ν sector with equal weight. The cut-off which controls the point where ρS(ζ) turns from linear
to flat behavior is now played by this mass µ. This suggests that decoupling all fermions by taking
all their rescaled masses µi to infinity is not providing a physical limit of the full theory. Indeed,
one easily checks that in this extreme limit all partition functions Zν become independent of ν, thus
explaining why the two different ways of trying to obtain the quenched microscopic spectral density
described here fail in precisely the same manner.
How does this result fit in with the general formula (39)? Taking the Nf → 0 limit in that equation
6I thank S. Nishigaki for first pointing this out to me.
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gives
ρS(λ; θ) =
1
2
|ζ|Z
(2)(θ + π; iζ, iζ)
Z(0)(θ) . (55)
For the quenched microscopic density we thus need the effective partition function for Nf = 2, which
fortunately is known in analytical form (see eq. (23)). For simplicity taking the case of θ = 0, we
indeed find from eq. (23) that
ρS(λ; θ=0) =
1
2Z(0) |ζ| . (56)
The density consistently comes out linear, and again with an undetermined constant in front. To
determine this constant we would normally impose the matching condition of ρS(ζ → ∞) = 1/π, an
impossible requirement in this case. Again, the failure of these attempts at taking the quenched limit
in this framework is perhaps not surprising. The presumed distribution (51) concerns by construction
only the pure gauge sector, for which no information can be gained via the (anomalous) chiral Ward
identities on which the present framework is based. Moreover, in the pure gauge theory we can sum
over gauge field configurations with also fractional winding numbers [25]. In the large-Nc limit the
topological susceptibility in the quenched theory is, via the Witten-Veneziano relation [29], related to
the flavor singlet η′ mass. In the quenched limit, where the anomaly plays no role, the η′ should be
treated as a (pesudo)-Goldstone boson too. Perhaps an analogue of the large-Nc effective Lagrangian
with built-in information about the topological susceptibility of the pure gauge theory (as required
by the Witten-Veneziano relation, at least at large Nc) can be used to treat this case in a consistent
manner.
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Figure 8: The partially quenched chiral condensate Σ(µv, µ) in the Nf = 1 theory with θ = 0. The
“quenched” mass is indicated by µv, while µ is the real physical mass, here taken to be unity for convenience.
The sum over topological charges converges everywhere, except at the point µv = 0. In this case the divergence
at µv → 0 can easily be worked out analytically (see eq. (59)), and for comparison we display also just the
resulting 1/µv term with the coefficient as given in eq. (59).
There are no such difficulties with partial quenching. For example, the dependence of the partially
quenched chiral condensate on the (quenched) “valence quark” mass µv is computed in the full theory
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by averaging with respect to the usual fixed-ν partition function Zν . This sum converges for µv 6= 0.
To be concrete, consider the analytical expression for the Nf = 1 case which was derived in the second
of ref. [15]:
Σν(µv, µ) = µv [Iν+1(µv)Kν+1(µv) + Iν+2(µv)Kν(µv)]
+2µ
Kν(µv)
Iν(µ)
µvIν(µv)Iν+1(µ)− µIν(µ)Iν+1(µv)
µ2v − µ2
+
ν
µv
(57)
In fig. 8 we show this as a function of µv for ν = 0 (which of course does not exhibit the 1/µv-
singularity), and fixed value of the physical “sea quark” mass µ. We also show the full answer, for the
same mass µ, obtained by summing over winding numbers according to
Σ(θ;µv, µ) = Z(θ;µ)−1
∞∑
ν=−∞
eiνθZν(µ)Σν(µv, µ) , (58)
where in this case Z(θ;µ) = exp[µ cos θ], and Zν(µ) = Iν(µ).
The partially quenched cases are particularly interesting because they provide a limit in which the
∼ 1/µv divergences of the quenched approximations are under full control from the analytical point
of view. Indeed, the coefficient of the 1/µv-term in the partially quenched Nf = 1 theory can be
computed analytically in this finite-volume limit; it equals
〈〈|ν|〉〉 = µe−µ(I0(µ) + I1(µ)) . (59)
This curve has also been included in fig. 8, and one clearly sees how accurately it describes the 1/µv
singularity.
3.3 Extensions
The present results easily extend to the other two major classes of chiral symmetry breaking [12]. The
analytically most simple case is that corresponding to gauge group SU(Nc ≥ 3) and Nf fermions in
the adjoint representation (which in Random Matrix Theory language corresponds to the chSE). For
example, from the relations derived in the second of reference [13] we know that we in this case can
express the microscopic spectral density of the Dirac operator in a sector of topological charge ν by
ρ
(ν)
S (ζ; {µi}) = C4 ζ3
Z(Nf+4)ν ({µi}, {iζ})
Z(Nf )ν ({µi})
. (60)
Also this can be summed over topological charge ν to get the full microscopic spectral density for that
case. Using a similar relation for all higher k-point functions [13]
ρ
(ν)
S (ζ1, . . . , ζk; {µi}) = C(k)4
k∏
i

ζ3i
Nf∏
f
(ζ2i + µ
2
f )

 k∏
j<l
|ζ2j − ζ2l |4
× Z
(Nf+4k)
ν ({µi}; {iζ1}, . . . , {iζk})
Z(Nf )ν ({µi})
, (61)
also these k-point functions can be averaged over topological charges to yield a ratio of two full partition
functions, without restrictions to topology. In these relation each (imaginary) additional fermion mass
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on the right hand side is four-fold degenerate. Unfortunately, the relevant fixed-ν partition functions
are not in general known in closed analytic form, and the proportionality constants in both of the
above relations have therefore not yet been determined. Until this has been done, and in particular
their ν-dependences have been found, we cannot explicitly identify the combination of finite-volume
partition functions that will emerge from the sums.
4 Conclusions
We have here considered the effect of summing over all topological charges ν, while remaining in the
finite-volume scaling regime defined by eq. (1). For the mass-dependent chiral condensate the effect of
summing over topological sectors is quite drastic. For example, the condensate actually diverges like
∼ 1/µ in the µ → 0 limit if one restricts oneself to any sector of non-vanishing topological charge ν,
even though the full condensate vanishes as µ→ 0 (except for the case Nf = 1). The microscopic Dirac
operator spectrum itself is also substantially modified by the summation over topological charges. A
simple compact relation gives the full microscopic spectral density in terms of a ratio of partition
functions, one of which is evaluated at a shifted vacuum angle θ → θ + π, and with two additional
fermion species. We have pointed out a difficulty with obtaining the quenched (Nf → 0) limit in this
simple way. The difficulty disappears if one focuses instead on a partially quenched limit, in which
the appropriate weight factors in the sum over topological numbers again are known exactly in this
finite-volume regime. We have also noted a drastic simplification in the massless case, where the full
microscopic spectral density actually coincides with the one of the sector with ν = 0.
An interesting open question is whether one can establish a compact Random Matrix Theory formu-
lation also for the full effective partition function Z(θ; {µi}). Although we believe the answer to be
negative, we are not aware of any strong argument to that effect.
In future lattice studies it seems obvious to try to study not just the microscopic Dirac operator
spectrum in sectors of fixed ν, but also the associated distribution of configurations labelled by the
topological index. Thanks to very recent developments this is now possible [21, 22]. This way one can
test simultaneously the probability distribution of configurations with fixed topological index (which
is known analytically in the regime (1) and given, for θ = 0, simply by Zν({µi})/Z(θ = 0; {µi})),
and, simultaneously, the full microscopic Dirac operator spectrum. Such numerical simulations with
dynamical fermions now seem feasible.
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